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Abstract
This paper presents a new formula which is conjectured to yield all tree amplitudes
in N = 8 supergravity. The amplitudes are described in terms of higher degree rational
maps to twistor space. The resulting expression has manifest N = 8 supersymmetry and
is manifestly permutation symmetric in all external states. It depends monomially on the
infinity twistor that explicitly breaks conformal symmetry to Poincare´. The formula has
been explicitly checked to yield the correct amplitudes for the 3-point MHV and for the
n-point MHV, where it reduces to an expression of Hodges. We have also carried out
numerical checks of the formula at NMHV and N2MHV level, for up to eight external
states.
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Twistors have proved very useful in the study of scattering amplitudes in N = 4 SYM,
since they make superconformal invariance manifest. General Relativity is of course not
conformally invariant, and so a twistor description of gravity must involve a new structure
that explicitly breaks the conformal invariance. The required structure is known as the
infinity twistor I and for flat space-time it takes the form
Iab =
(
α˙β˙ 0
0 0
)
Iab := abcdI
cd =
(
0 0
0 αβ
)
. (1)
The infinity twistor allows one to define a metric on space-time by
(1234)
〈12〉〈34〉 :=
(Z1, Z2, Z3, Z4)
IabZa1Z
b
2 IcdZ
c
3Z
d
4
= (x− y)2 , (2)
where x and y are the points corresponding to the lines 12 and 34, respectively. This
infinity twistor gets its name because in flat space it obeys IabI
ab = 0 and so itself defines
a point in conformally compactified space-time. This point plays a distinguished role and
is ı0, the point at space-like infinity in the Penrose diagram. Twistor lines that intersect I
correspond to points that are null-separated from ı0, or in other words points on the null
cone I± at infinity. The infinity twistor should be thought of as providing a mass scale, so
that equation (2) has dimensions of (length)2.
The fact that gravitational scattering amplitudes break conformal invariance can be
seen immediately once they are written in twistor space because, unlike the Yang-Mills
amplitudes, they depend on the infinity twistor. For example, once transformed to twistor
space, the 3-point amplitudes become simply [1, 2]
MMHV(Z1,Z2,Z3) = Iab
∂
∂Za2
δ¯3|8(Z1;Z2) ∂
∂Zb3
δ¯3|8(Z1;Z3)
MMHV(Z1,Z2,Z3) = IabZa2Zb3 δ¯2|8(Z1;Z2,Z3)
(3)
where δ¯3|8(Z1,Z2) has support only where Z1 and Z2 coincide in projective twistor space,
and δ¯2|8(Z1,Z2,Z3) has support only when the three projective twistors are collinear (see
e.g. [3] for further details). Each of these gravitational amplitudes contains an irremovable
infinity twistor and the absence of conformal invariance is just as manifest as its presence
was in Yang-Mills.
It is very instructive to examine the occurrence of the infinity twistor in arbitrary
gravitational tree amplitudes. This can be done most easily using the BCFW recursion
relations, which in twistor space take the same form for gravity as for Yang-Mills. The
standard spinor-helicity BCFW shift
λ1 → λ1 + tλn , λ˜n → λ˜n − tλ˜1 , ηn → ηn − tη1 (4)
becomes the shift
Z1 → Z1 + tZn , Zn → Zn (5)
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in twistor space, and the BCFW decomposition of an n-particle Nd−1MHV tree amplitude
becomes [1, 2]
Mn,d(1, . . . , n) =
∑
nL+nR=n+2
dL+dR=d
∫
D3|8Z dt
t
MnL,dL(Z1 + tZn, . . . ,Z)MnR,dR(Z, · · · ,Zn) .
(6)
The important point here is that both the BCFW shift and the recursion relation itself are
fully superconformally invariant, as in Yang-Mills. The breaking of conformal invariance
in arbitrary gravitational tree amplitudes is thus inherited entirely from its breaking in the
3-particle amplitudes that seed the recursion.
It is now straightforward to count how many powers of I we expect any tree amplitude
to contain. In fact, since
Iab
∂
∂Za1
∂
∂Zb2
=
[
∂
∂µ1
∂
∂µ2
]
while IabZ
a
1Z
b
2 = 〈12〉 , (7)
it actually makes sense to count powers of [ , ] and 〈 , 〉 separately, since multiplication
by λ commutes with differentiation with respect to µ. Consider first the power of 〈 , 〉.
The 3-point MHV (d = 0) and MHV (d = 1) amplitudes contain 0 and 1 power of 〈 , 〉,
respectively. If we assume that for some (dL, dR) the subamplitudes likewise contain dL
and dR factors of 〈 , 〉, then because BCFW recursion gives dL + dR = d, we learn by
induction that an Nd−1MHV amplitude contains d factors of 〈 , 〉 for all higher MHV levels,
irrespective of the number of particles. Similarly, the 3-point MHV and MHV amplitudes
contain 0 and 1 power of [ , ] respectively, if we assume that for some ({nL, dL}, {nR, dR})
the subamplitudes contain nL,R − dL,R − 2 powers of [ , ], then since
(nL − dL − 2) + (nR − dR − 2) = n− d− 2 (8)
in BCFW, we induce that this is true for all {n, d}. To summarize, we have learned that
when written in twistor space, the n-particle Nd−1MHV amplitude Mn,d(Z1, . . . ,Zn) is a
monomial of degree d in 〈 , 〉 and a monomial of degree (n− d− 2) in [ , ].
There are two useful consistency checks on these numbers. First, the total number of
infinity twistors in an n-particle amplitude is n − 2, irrespective of MHV level. Recalling
that the infinity twistor behaves like a mass, this simply says that the kinematic structure
of such amplitudes has dimensions of (mass)n−2, and so needs to be accompanied by n− 2
powers of the gravitational coupling κ ∼ √GN so that the amplitude can be a complex
number. This is exactly as expected from expanding the Einstein-Hilbert action SEH =
1
κ2
∫ ∗g R(g) around some background and normalizing the fluctuations to have a canonical
kinetic term. Secondly, under parity conjugation an n-particle NkMHV amplitude becomes
an n-particle Nn−k−4MHV amplitude, or in other words
d↔ (n− d− 2) . (9)
Thus the number of irremovable angle and square brackets is interchanged under par-
ity, with their total number remaining the same. This reflects the fact that we could
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equally construct the parity conjugate amplitude by using the dual twistor space, where
〈 , 〉 becomes the differential operator Iab ∂∂W1a ∂∂W2b while [ , ] becomes multiplication by
IabW1aW2b.
Knowledge of the amplitudes’ dependence on the infinity twistor provides important
insight into their general twistor space structure. In Hodges’ beautiful reformulation of
MHV amplitudes [4, 5], one obtains n− 3 powers of Iab by starting with an n× n matrix,
each of whose entries are linear in the infinity twistor. The matrix has rank n − 3, so
its reduced determinant provides the correct dependence on Iab. This suggests a natural
extension to non-MHV amplitudes, which we now present.
The main claim of this paper is that the complete n-particle classical S-matrix of N = 8
supergravity is given by the formula
Mn =
∞∑
d=0
∫ ∏d
a=0 d
4|8Za
vol GL(2;C)
det′(Φ) det′(Φ˜)
n∏
i=1
d2σi δ
2(λi − λ(σi)) exp Jµ(σi)λ˜iK (10)
whose ingredients we now explain. Firstly, as in the twistor-string [6, 7], Z : Σ→ PT is a
degree d holomorphic map from a Riemann sphere to N = 8 supertwistor space, described
by degree d polynomials
ZI(σ) =
d∑
a=0
ZIa (σ1)a(σ2)d−a (11)
in the homogeneous coordinates σα = (σ1, σ2) on Σ. We integrate over the space of such
maps upto an overall scale. Note that unlike the case of N = 4 supersymmetry, neither
N = 8 twistor space itself nor the projective space of holomorphic maps is Calabi-Yau,
and the integration measure here scales like the −4(d + 1)th power of Z. This scaling is
compensated by the rest of the integrand.
The factors of
δ2(λi − λ(σi)) exp Jµ(σi)λ˜iK
are the wavefunctions of the external states, which we take to be twistor representatives of
momentum eigenstates. We define Jµλ˜K := µα˙λ˜α˙ + χAηA to include the fermionic compo-
nents. The insertions points of these vertex operators on Σ are integrated over up to the
usual SL(2;C) redundancy.
The important content of (10) is the operators det′(Φ) and det′(Φ˜). Let Φ˜ be the
symmetric n× n matrix whose entries are the operators
Φ˜ij =
[ij]
(ij)
for i 6= j,
Φ˜ii = −
∑
j 6=i
Φ˜ij
d∏
a=0
(j pa)
(i pa)
,
(12)
where (ij) := αβσ
α
i σ
β
j is the SL(2;C)-invariant inner product of worldsheet coordinates.
Notice that each element of Φ˜ contains a single factor of the infinity twistor Iab.
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In writing the diagonal term, we have picked d + 1 arbitrary points p0, . . . , pd ∈ Σ.
We first show that Φ˜ is independent of this choice. Since Φ˜ii is clearly symmetric under
arbitrary permutations of the pa, it suffices to show independence under a change in any
one of the pa, say p0 → q0. We have
∆Φ˜ii = −
∑
j 6=i
[ij]
(ij)
(
(jq0)
(iq0)
− (jp0)
(ip0)
) d∏
a=1
(jpa)
(ipa)
= −
n∑
j=1
[ij] (p0q0)
(iq0)
d∏
a=1
(jpa)
(ipa)
(13)
where in going to the second line we cancelled the factor (ij) and then extended the sum
over j to all n particles. This expression now vanishes on the support of the δ-functions
obtained by integrating out the µ-components of the map Z using the exponentials in the
wavefunctions1.
It follows immediately that Φ˜ has rank (n− d− 2) for
n∑
j=1
Φ˜ijσ
α1
j · · · σαd+1j =
∑
j 6=i
[ij]
(ij)
{
σ
α1
j · · ·σαd+1j − σα1i · · ·σαd+1i
d∏
a=0
(jpa)
(ipa)
}
= 0 ,
(14)
because we have just shown that Φ˜ is independent of the choice of pa, so we can always
choose them to coincide with the choice of components on each of the (d + 1) σs, where-
upon the two terms in braces immediately cancel. Thus, as an operator on the external
wavefunctions,
∑
j Φ˜ijPd+1(σj) vanishes for an arbitrary polynomial Pd+1(σ) of degree d+1.
Because Φ˜ has rank n−d−2, its determinant vanishes to (d+2)th order. As in Hodges’
MHV formula, let |Φ˜red| denote the determinant of the reduced matrix Φ˜red obtained by
removing any (d + 2) rows and, independently, any (d + 2) columns from Φ˜. |Φ˜red| itself
is clearly symmetric under arbitrary permutations of states whose rows and columns both
remain, since pick up a minus sign from exchanging their rows and another from exchanging
their columns, it clearly depends on the choice of deleted rows and columns. However, a
straightforward generalization of an argument used by Hodges ([5], at equation 8) shows
that the ratio
det′(Φ˜) :=
|Φ˜red|
|r˜1 · · · r˜d+2| |c˜1 · · · c˜d+2| (15)
is symmetric under arbitrary permutations of all n points. In this ratio, |r˜1 · · · r˜d+2| denotes
the Vandermonde determinant
|r˜1 · · · r˜d+2| =
∏
i,j∈{removed}
i<j
(ij) (16)
1This fact, which was also used in [8], was also a big clue leading to this formula.
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made from all possible combinations of the worldsheet coordinates corresponding to the
deleted rows; |c˜1 · · · c˜d+2| is the same Vandermonde determinant, but for the deleted
columns.
The remaining ingredient det′(Φ) is constructed similarly. Let Φ denote the symmetric
n× n matrix whose entries are
Φij =
〈ij〉
(ij)
for i 6= j,
Φii = −
∑
j 6=i
{
Φij
∏
k 6=i(ik)∏
l 6=j(jl)
n−d−2∏
a=0
(jpa)
(ipa)
}
,
(17)
Each entry of Φ is linear in the infinity twistor 〈 , 〉. To define this matrix we have picked a
further n− d− 1 points pa ∈ Σ and we again wish to show that our matrix is independent
of these choices. As before, upon changing any one of these points a Schouten identity
gives
∆Φii ∝ −
n∑
j=1
〈ij〉(ij)
∏n−d−3
a=0 (jpa)∏
k 6=j(jk)
(18)
where we have removed an overall factor2. It was shown [9, 10] that the right hand side
of (18) vanishes on the support of the δ-functions inside (10), so Φ is indeed independent
of the choice of points. This again implies that Φ has rank d, with kernel spanned by
the n-dimensional vectors whose jth entry is σ
α1
j · · ·σαn−d−1j |1 · · · ̂ · · ·n|, where |1 · · · ̂ · · ·n|
denotes the Vandermonde determinant of all points except j. The different choices for the
α indices span the (n− d)-dimensional kernel.
Now let |Φred| denote the determinant of the d×d reduced matrix obtained by deleting
any n− d rows and any n− d columns from Φ. Then
det′(Φ) :=
|Φred|
|r1 · · · rd| |c1 · · · cd| (19)
is independent of the choice of rows and columns. Here, in contrast to Φ˜, |r1 · · · rd| is the
Vandermonde determinant
|r1 · · · rd| =
∏
i,j∈{remain}
i<j
(ij) (20)
over the rows that remain in the reduced matrix Φred, and |c1 · · · cd| is similar for the
remaining columns. (When d ≤ 1, no such Vandermonde determinants can be formed. A
careful treatment of Hodges’ argument for the independence shows that in these two cases,
the Vandermonde factors should be unity.)
2Note that the bracket (ij) cancels in the ratio of products in Φii. This is the origin of this factor
in (18).
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All the dependence on the infinity twistor lies in det′(Φ) and det′(Φ˜) – if we scatter
twistor eigenstates then the factors of I from these determinants will be the only appear-
ance of the infinity twistor in the amplitude. These operators thus make manifest the
dependence on the infinity twistors deduced from BCFW recursion.
We have checked analytically that (10) correctly reproduces the 3-particle MHV am-
plitude, all n-particle MHV amplitudes. We also checked analytically that the 5 particle
NMHV and 6 particle N2MHV amplitudes agree with the formula of [12]. Finally, we have
checked numerically that (10) gives the correct six and seven particle NMHV amplitudes
and the correct eight particle N2MHV amplitude.
To conclude, we have presented a new formulation of all tree amplitudes in N = 8
supergravity as an integral over spaces of holomorphic maps into twistor space. The formula
has manifestN = 8 Poincare´ supersymmetry is permutation invariant in all external states.
It is based on degree d holomorphic maps to N = 8 twistor space and seems to augur
the existence of a twistor-string for gravity, perhaps along the lines suggested in [11]. A
somewhat similar formulation – derived independently – was obtained recently by Geyer
and one of us [12]. We believe the new formula is a great improvement, both in terms
of calculational simplicity and clarity of structure. We hope it reflects the underlying
worldsheet theory more directly.
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